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Pfaffian-like ground state for three-body hard-core bosons in one-dimensional lattices
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We propose a Pfaffian-like ansatz for the ground state of bosons subject to three-body infinite repulsive
interactions in a one-dimensional 共1D兲 lattice. Our ansatz consists of symmetrization over all possible ways of
distributing the particles in two identical Tonks-Girardeau gases. We support the quality of our ansatz with
numerical calculations and propose an experimental scheme based on mixtures of bosonic atoms and molecules
in 1D optical lattices in which this Pfaffian-like state could be realized. Our findings may open the way for the
creation of non-Abelian anyons in 1D systems.
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Beyond bosons and fermions, and even in contrast to the
fascinating Abelian anyons 共AAs兲 关1兴, non-Abelian anyons
共NAAs兲 关2兴 exhibit exotic statistical behavior: If two different exchanges are performed consecutively among identical
NAAs, the final state of the system will depend on the order
in which the two exchanges were made. NAAs appeared first
in the context of the fractional quantum Hall effect 关2兴, as
elementary excitations of exotic states like the Pfaffian state
关3,4兴, the exact ground state of quantum Hall Hamiltonians
with three-body contact interactions. Recently, the possibility
of fault-tolerant quantum computation based on NAAs 关5兴
has boosted the investigation of new models containing
NAAs 关6兴, as well as the search for techniques for their detection and manipulation 关7兴. Meanwhile, the versatile and
highly controllable atomic gases in optical lattices 关8兴 have
opened a door to the near future implementation of those
models as well as for the artificial creation of non-Abelian
gauge potentials 关9兴.
All actual models containing NAAs are two-dimensional
共2D兲 models. The motivation of the present work is the foreseen possibility of creating NAAs in 1D. This long-term goal
requires in the first place a definition of the concept of the
NAA, which is essentially 2D, in 1D. For Abelian anyons
this generalization has already been made by Haldane 关10兴.
Within his generalized definition the spinon excitations of
1D Heisenberg antiferromagnets are classified as 21 AAs 关10兴.
This classification becomes very natural through the connection between the 1D antiferromagnetic ground state 共for a
long-range interaction model, the Haldane-Shastry model
关11兴兲 and the Laughlin state 关12兴 for bosons at  = 1 / 2. In a
similar way we anticipate that a connection can be established between quantum Hall models containing NAAs and
certain long-range 1D spin models exhibiting NAAs within a
generalized definition 关13兴.
Here, far from analyzing the above questions in general,
our aim is to pave the way for the creation of exotic Pfaffianlike states in 1D systems, which we believe may serve as the
basis to create NAAs. We present a realistic 1D system
whose ground state is very close to a Pfaffian-like state. The
actual system we consider is that of bosonic atoms in a 1D
lattice with infinite repulsive three-body on-site interactions,
which we call three-hard-core bosons. Inspired by the form
of the fractional quantum Hall Pfaffian state for bosons
1050-2947/2007/75共5兲/053611共5兲

关4,14兴, we propose an ansatz for the ground state of our
system. This ansatz is a symmetrization over all possible
ways of distributing the particles in two identical TonksGirardeau 共TG兲 gases 关15,16兴. Comparison of the ansatz with
numerical calculations for lattices up to 40 sites yields very
good agreement. As for fractional quantum Hall systems,
NAAs may be created here by creating pairs of quasiholes,
each quasihole being in a different cluster 关4兴. This possibility will be discussed elsewhere 关13兴.
Three-body collisions among single atoms rarely occur in
nature. However, they can be effectively simulated by mixtures of bosonic particles and molecules. This has been proposed by Cooper 关17兴 for a rapidly rotating gas of bosonic
atoms and molecules. Here, we show that a system of atoms
and molecules in a 1D lattice can in a similar way effectively
model three-hard-core bosons. We will show that the conditions to realize this situation lie within current experimental
possibilities.
Three-hard-core bosons. We consider a system of bosonic
atoms in a 1D lattice with repulsive three-body on-site interactions. This system is described by the Hamiltonian
H = − t 兺 共a†ᐉaᐉ+1 + H.c.兲 + U3 兺 共a†ᐉ兲3共aᐉ兲3 ,
ᐉ

ᐉ

共1兲

where the operator a†ᐉ 共aᐉ兲 creates 共annihilates兲 a boson on
site ᐉ, t is the tunneling probability amplitude, and U3 is the
on-site interaction energy. From now on we will consider the
limit U3 → ⬁. In this limit the Hilbert space is projected onto
the subspace of states with occupation numbers nᐉ = 0 , 1 , 2
per site. We will refer to bosons subject to this condition as
three-hard-core bosons. The projected Hamiltonian has the
form
†
H3 = − t 兺 共a3,ᐉ
a3,ᐉ+1 + H.c.兲,
ᐉ

共2兲

where the three-hard-core bosonic operators a3,ᐉ obey
†
共a3,ᐉ兲3 = 0 and satisfy the commutation relations 关a3,ᐉ , a3,ᐉ
兴
⬘
† 2
兲 共a3,ᐉ兲2兴. These operators can be repre= ␦ᐉ,ᐉ⬘关1 − 23 共a3,ᐉ
sented by 3 ⫻ 3 matrices of the form
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冢 冣
0 1

0

a3,ᐉ = 0 0

冑2

0 0

0

|0

.

In contrast to the usual hard-core bosonic operators 关18兴,
which are directly equivalent to spin-1 / 2 operators, the operators a†3 and a3 are related to spin-1 operators 兵S+ , S− , Sz其 in
a nonlinear way: a3 → S+关1 / 2 + 共1 / 冑2 − 1兲Sz兴. This mapping
leads to a complicated equivalent spin Hamiltonian 共with
third- and fourth-order terms兲 which seems hard to solve.
In the following we present an ansatz wave function for
the ground state of Hamiltonian 共2兲. Our ansatz is inspired by
the form of the ground state for fractional quantum Hall
bosons subject to three-body interactions 关3,4,14兴. The reason to believe that this inspiration may be good is the deep
connection already demonstrated for the case of two-body
interactions between ground states of certain 1D models and
those of 2D particles in the lowest Landau level 共LLL兲 关11兴.
Let us now turn for a moment to the problem of bosons in
the LLL subject to the three-body interaction potential
兺i⫽j⫽k␦2共zi − z j兲␦2共zi − zk兲 关3兴, with zi = xi + iy i being the complex coordinate in the 2D plane. For infinite interaction
strength the exact ground state of the problem is the Pfaffian
state 关3,14兴:

冉兿
N/2

⌽3 ⬀ S↑,↓

i⬍j

N/2

共z↑i

−

z↑j 兲2

兿
i⬍j

共z↓i

−

z↓j 兲2

冊

共3兲

.

This state is constructed in the following way. Particles are
first arranged into two identical  = 1 / 2 Laughlin states 关12兴,

 2
⌽2 ⬀ 兿N/2
i⬍j共zi − z j 兲 , labeled by  = ↑ , ↓. Then the operator
S↑,↓ symmetrizes over the two “virtual” subsets of coordinates 兵z↑i 其 and 兵z↓i 其. Note that the Laughlin state ⌽2 of each
cluster is a zero-energy eigenstate of the two-body interaction potential 兺i⫽j␦共zi − z j兲. This guarantees that in a state of
the form 共3兲 three particles can never coincide in the same
position: for any trio, two of them will belong to the same
group and cause the wave function ⌽3 to vanish.
In direct analogy with Eq. 共3兲 we propose the following
ansatz for the ground-state of Hamiltonian 共2兲:

冉兿
N/2

⌿3 ⬀ S↑,↓

i⬍j

N/2

冊

兩sin共x↑i − x↑j 兲兩 兿 兩sin共x↓i − x↓j 兲兩 .
i⬍j

共4兲

This ansatz has the same structure as 共3兲, but the Laughlin
state has been substituted by a Tonks-Girardeau state 关15兴



⌿2 ⬀ 兿N/2
i⬍j 兩sin共xi − x j 兲兩, with xi = 2 / Mi, i = 1 , . . . , M, M being the number of lattice sites. This state is the ground state
of hard-core 1D lattice bosons with Hamiltonian H2,
†
= −t兺ᐉ共a2,
,ᐉa2,,ᐉ+1 + H.c.兲 and periodic boundary conditions
关16兴. Here, a2, are hard-core bosonic operators satisfying
共a2,兲2 = 0. Written in second quantization the ansatz 共4兲 takes
the form 兩⌿3典 = P共兩⌿↑2典 丢 兩⌿↓2典兲, where P is a local operator
of the form P = Pᐉ丢 M , and Pᐉ is an operator mapping the
single-site four-dimensional Hilbert space of two species of
hard-core bosons to the three-dimensional one of three-hardcore bosons 共see Fig. 1兲.

>

a+2 | 0 >

|0

>

P
a+3 | 0 >

a+2 | 0 >
a+2 a+2 | 0 >

2 x (a 3 ) | 0
2
+ 2

>

FIG. 1. 共Color online兲 Schematic representation of the operator
Pᐉ mapping the single-site four-dimensional Hilbert space of two
species of hard-core bosons to the three-dimensional one of threehard-core bosons.

Let us analyze different characteristic properties of our
ansatz. Taking into account the well-known result for a TG
gas, namely, the scaling of the one-particle correlation func†
tion 具aᐉ+⌬
aᐉ典 as ⌬−1/2 for large ⌬ 关16兴, we can derive the
following asymptotic behavior for the one-body and twobody correlation functions for the ansatz 共4兲:
†
aᐉ典 → ⌬−1/4 ,
具aᐉ+⌬

共5兲

†
†
具aᐉ+⌬
aᐉ+⌬
aᐉaᐉ典 → ⌬−1 .

共6兲

The result 共6兲 can be easily derived by noticing
†
†
†
†
aᐉ+⌬
aᐉaᐉ典 ⬀ 具⌿↑2 兩 aᐉ+⌬,↑
aᐉ,↑ 兩 ⌿↑2典具⌿↓2 兩 aᐉ+⌬,↓
aᐉ,↓ 兩 ⌿↓2典
that 具aᐉ+⌬
−1/2 −1/2
→ ⌬ ⌬ . The proof of 共5兲 is more involved and we will
give just numerical evidence from our calculations below
共see inset of Fig. 4兲. The two-body correlation 共6兲 is indeed
in our case the 共one-particle兲 correlation function for on-site
pairs. This means that, whereas the system seen as a whole
exhibits some kind of coherence 共the spatial correlation decaying slowly as ⌬−1/4兲, the underlying system of on-site
pairs is in a much more disordered state 共with a fast correlation decay as ⌬−1兲. This is in contrast to what happens in a
weakly interacting bosonic gas in which coherence between
sites is independent of their occupation number. We can also
obtain analytical expressions for the relative occupation of
single and doubly occupied sites. The average number of
doubly occupied sites is n2 = 具a†ᐉa†ᐉaᐉaᐉ典 / 2 = 2 / 2, and that of
singly occupied sites is given by n1 = 具a†ᐉaᐉ共2 − nᐉ兲典 = 共2 − 兲.
This distribution is very different from the Poissonian one,
Po
for which we have nPo
2 / n1 =  / 2.
As an additional property, the ansatz 共4兲 has particle-hole
symmetry. This means that for a filling factor of the form
 = N / M = 2 − , with N the number of particles, the state we
propose is just the ansatz for holes at h = . However, as we
can clearly see from its matrix representation, the Hamiltonian 共2兲 does not exhibit this symmetry. This tells us that
our ansatz may not work, as we will see, for the whole regime of filling factors.
Numerical calculations. In order to determine the quality
of our ansatz we have performed a numerical calculation for
the ground state of Hamiltonian 共2兲. To obtain the numerical
ground state 兩⌿ex典 we have used variational matrix product
states 共MPSs兲 of the form 兺sd ,. . .,s =1Tr共As11 ¯ ANsN兲兩s1 ¯ sN典
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FIG. 2. 共Color online兲 Overlap 具⌿ex 兩 ⌿3典. The main plot shows
the dependence of the overlap on the filling factor  = N / M for a
system of M = 10 共squares兲 and 20 共circles兲 lattice sites. The inset
shows the decrease of the overlap with increasing system size M, at
 = 1.

关19兴, with matrices A of dimension D = 12 共15兲, and d = 3. We
can estimate the error of this calculation to be smaller than
10−5 for the system sizes 共M 艋 40兲 we have considered. To
calculate the overlap of 兩⌿ex典 with our ansatz 兩⌿3典 we first
construct the MPS state that best approximates 兩⌿3典 for a
given D. This is done in the following way. We first build the
MPS ground state of Hamiltonian H2. We then take the tensor product of this state with itself, obtaining a MPS with
d = 4, which is closest to 兩⌿↑2典 丢 兩⌿↓2典. The dimension of the
matrices of this state is very large and we use a reduction
algorithm 关20兴 to reduce it to the initial size. Finally we
apply the operator P by local tensor contraction and normalize the resulting d = 3 MPS state. For the matrix dimensions
we used the error made was always smaller than 10−3.
The results are shown in Fig. 2. The main plot shows the
overlap 具⌿ex 兩 ⌿3典 as a function of the filling factor  = N / M
for a fixed system size. We find very good overlaps 共0.98–
0.96兲 for  艋 1.25. For  ⬎ 1.25 the overlap decreases. The
inset shows the overlap as a function of increasing system
size M, at fixed filling factor  = 1. At M = 38, the maximum
size we have considered numerically, the overlap is still good
共⬇0.90兲.
Figure 3 shows the statistical distribution of doubly and
singly occupied sites for 兩⌿ex典, which is very close to the one
of the ansatz 兩⌿3典, and clearly different from the Poissonian
distribution typical of a weakly interacting Bose gas. Figure
4 shows the momentum distribution for particles and on-site
pairs together with the long-range scaling of their spatial
correlation functions. We can clearly see how the exact state
exhibits all characteristic behaviors that we have discussed
above for the ansatz.
Experimental proposal. Inspired by Cooper’s ideas 关17兴
for 2D rotating Bose gases we present an experimental
scheme for the realization of Hamiltonian 共2兲. Let us consider a system of bosonic atoms and diatomic Feshbach molecules trapped in a 1D optical lattice. The Hamiltonian of the
system is H = HK + HF + HI 关21,22兴, where

1

0

1

2 0

ν

2

ν

FIG. 3. 共Color online兲 Average occupation of sites with one 共left
figure兲 and two particles 共right figure兲 for the exact 共solid lines兲,
ansatz 共dotted lines兲, and Poissonian distributions 共dot-dashed
lines兲, as a function of the filling factor . The system size is M
= 20.

HK = − ta 兺 共a†i ai+1 + H.c.兲 − tm 兺 共m†i mi+1 + H.c.兲,
i

i

HF = 兺 ⌬m†i mi +
i

Uaa † †
g †
a i a i a ia i +
冑2 共mi aiai + H.c.兲,
2

M

HI = Uam 兺

M

m†i a†i aimi

i=1

Umm
+
兺 m †m †m im i .
2 i=1 i i

共7兲

Here, the bosonic operators for atoms 共molecules兲 ai 共mi兲
obey the usual canonical commutation relations. The Hamil-
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FIG. 4. 共Color online兲 Quasimomentum distribution of particles
共2兲
†
nk ⬀ 兺ᐉ,⌬e−ik⌬具aᐉ+⌬
aᐉ典 共left axis兲 and of on-site pairs nk
†
−ik⌬ †
⬀ 兺ᐉ,⌬e 具aᐉ+⌬aᐉ+⌬aᐉaᐉ典 共right axis兲, with k = 2 / Mn, n
= 0 , . . . , M − 1. Results are shown for both the exact ground state
共solid lines兲 and the ansatz 共dashed lines兲. The inset shows the
†
long-distance scaling of the correlation functions 具aᐉ+⌬
a ᐉ典 ⬃ ⌬ −␣1
†
†
−␣2
and 具aᐉ+⌬aᐉ+⌬aᐉaᐉ典 ⬃ ⌬ , for the exact ground state 共circles, ␣1
= 0.22, ␣2 = 0.83兲 and the ansatz 共diamonds, ␣1 = 0.24, ␣2 = 0.99兲.
Parameters are M = 20 and  = 1.
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This effective Hamiltonian is obtained by projection of Hamiltonian 共7兲 onto the subspace with no molecules to first order in ␥2.

bility in typical setups with 87Rb. We have assumed g2 / ⌬
= Uaa. Since g = 冑Uaa⌬⌬B / 2 关21兴, with ⌬B being the width
of the Feshbach resonance and ⌬ the difference in magnetic
momenta, we need ⌬ = ⌬⌬B / 2. For the Feshbach resonance
at 1007.4 G, this implies ⌬ / h = 441 kHz 关23,24兴. Furthermore, we have assumed ␥2 Ⰶ 1, tm␥2 Ⰶ ta, and Uam␥2 / ta Ⰷ 1.
Written in terms of the lattice and atomic and molecule pa3D
2
a / a⬜
兲共ER / ⌬⌬B兲,
rameters, we have ␥2 = 冑32/ 3共aaa
3D
2
−2
2
2
Uam / ta = 共冑6 / 4兲共aama / a⬜兲 exp共+  / 4兲, and tm / ta
= 2 exp共−22 / 4兲, where  = 共V0 / ER兲1/4, with V0 the lattice
depth, ER = h2 / 共8ma2兲 the recoil energy, m the atomic mass,
3D
3D
and a the lattice constant. The parameters aaa
and aam
are the
3D scattering lengths for atom-atom and atom-molecule collisions, and a⬜ = 冑ប / ⬜m is the transversal confinement
width, with ⬜ the transversal trapping frequency. Assuming
3D
3D
3D
⬃ 5 nm 关25兴, aam
⬃ aaa
关26兴,
typical values 4 = 50 共70兲, aaa
a = 425 nm, and ⬜ = 2 ⫻ 20 kHz 关27兴, we obtain: ␥2
= 3.55 共3.86兲 ⫻ 10−3, tm / ta = 5.29 共0.22兲 ⫻ 10−8, and
Uam␥2 / ta = 1.35 共30.4兲 ⫻ 103, clearly satisfying the required
conditions. We note that in this experimental situation threebody losses are strongly suppressed, analogously to what
happens for a TG gas 关16兴, where two-body losses are highly
reduced.
Regarding detection of the Pfaffian-like ground state, the
characteristic difference between both the momentum distribution and number statistics of particles and on-site pairs
could be observed via spin-changing collisions 关28兴.
In conclusion, we have shown that the ground state of
three-hard-core bosons in a 1D lattice can be well described
by a Pfaffian-like state which is a cluster of two TG gases.
We have shown that such a state may be accessible with
current technology with atoms and molecules in optical lattices. We believe that our findings may open a path for the
creation of NAAs.
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053611-4

PFAFFIAN-LIKE GROUND STATE FOR THREE-BODY …

PHYSICAL REVIEW A 75, 053611 共2007兲

Rev. A 68, 010702共R兲 共2003兲.
关26兴 S. Dürr 共private communication兲.
关27兴 M. Greiner, I. Bloch, O. Mandel, T. W. Hänsch, and T. Esslinger, Appl. Phys. B: Lasers Opt. 73, 769 共2001兲.

关28兴 A. Widera, F. Gerbier, S. Fölling, T. Gericke, O. Mandel, and I.
Bloch, Phys. Rev. Lett. 95, 190405 共2005兲; F. Gerbier, S.
Folling, A. Widera, O. Mandel, and I. Bloch, ibid. 96, 090401
共2006兲.

053611-5

